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Abstract 

Recently [l], ||, [|, it is shown that, the quantum effects of matter are well de- 
scribed by the conformal degree of freedom of the space-time metric. On the other 
hand, it is a wellknown fact that according to Einstein's gravity theory, gravity 
and geometry are interconnected. In the new quantum gravity theory [|], ||, ||, mat- 
ter quantum effects completely determine the conformal degree of freedom of the 
space-time metric, while the causal structure of the space-time is determined by 
the gravitational effects of the matter, as well as the quantum effects through back 
reaction effects. This idea, previousely, is realized in the framework of scalar-tensor 
theories. In this work, it is shown that quantum gravity theory can also be real- 
ized as a purely metric theory. Such a theory is developed, its consequences and 
its properties are investigated. The theory is applied, then, to black holes and 
the radiation-dominated universe. It is shown that the initial singularity can be 
avoided. 

1 INTRODUCTION AND SURVEY 

This paper concerns with the generalization of some specific approach to quantum gravity 
presented in fl], U . We shall construct a purely tensor theory instead of the scalar-tensor 
theory presented in 0. Our approach would be applicable to purely quantum gravity 
effects as well as to quantum effects of matter in a curved space-time. First of all we shall 
breiffy review the motivation and basic points of the quantum gravity theory presented 
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in I |]- 

In this century, physicists have been departed from 19th century physics, in two ways. 
The first was the generalization and bringing the old idea of frame independence or general 
covariance, in a manifest form. The result of this effort was the pioneer general relativity 
theory, in which the gravitational effects of matter are identified with the geometry of 
the space-time. The enigmatic character of this theory is just the above-mentioned 
property, i.e., the interconnection of gravity and general covariance. When one tries to 
make a general covariant theory, one is forced to include gravity. The main root of this 
interconnection is the equivalance principle. According to the equivalance principle, it 
is possible to go to a frame in which gravity is locally absent, and thus special theory 
of relativity is applicable locally. Now using the general covariance and writting down 
anything in a general frame, we will get the general relativity theory. || 

The second was the investigation of the quantal behaviour of matter, that leads to the 
quantum theory. According to which a great revolution is appeared in physics. In order 
to explain the atomic world, quantum theory threw out two essensial classical concepts, 
the principle of causality and the dogma of formulation of physics in terms of motion in 
the space-time (motion dogma). The first one is violated during a measurement process, 
while the second does not exist at any time. 

After appearance of quantum mechanics, it was proved that not only the ordinary 
particles show quantal behaviour but also mediators of the fundamental forces do so. In 
this way quantum electrodynamics, quantum chromodynamics and quantum flavourdy- 
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namics were born. But the construction of quantum gravitodynamics or quantum gravity, 
leads to several structural and conceptual difficulties |5|]. For example, the meaning of the 
wavefunction of the universe is a conceptual difficulty while the time independence of the 
wavefunction is a structural one. 

In contrast to general theory of relativity which is the best theory for gravity, stan- 
dard quantum mechanics is not the only satisfactory way of understanding the quantal 
behaviour of matter. One of the best theories explaining the quantal behaviour of mat- 
ter but remaining faithful to the principle of causality and the motion dogma, is the 
de-Broglie-Bohm quantum theory. |J According to this theory, all the enigmatic quantal 
behaviour of the matter is resulted from a self-interaction of the particle. In fact, any 
particle exerts a quantum force on itself which can be expressed in terms of a quantum 
potential and which is derived from the particle wavefunction. 

In the non-relativistic de-Broglie-Bohm theory, the quantum potential is given by[[|: 



Q = 



h 2 v 
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2m 







(1) 



in which \1/ is the particle's wavefunction satisfying an appropriate wave equation, (in 
this case the nonrelativistic Schrodinger equation) The particle's trajectory then can be 
derived from Newton's law of motion in which in addition to the classical force — VV, the 
quantum force — VQ is also present. In this way the de-Broglie-Bohm quantum theory 
presents a formulation of physics in terms of motion in the space-time. 

The celebrated property of the de-Broglie-Bohm quantum theory is the following prop- 
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erty. At anytime, even when a measurement is done, the particle is on the trajectory given 
by Newton's law of motion, including the quantum force. During a measurement, the sys- 
tem is in fact a many-body system (including the particle itself, the probe particle, and 
the registrating system particles). When one writes down the appropriate equation of 
motion of all the particlesQ, and when one considers the very fact that we know nothing 
about the initial conditions of the registerating system particles, one sees how the projec- 
tion postulate of quantum mechanics came out@. According to which the result of any 
measurement is one of the eigenvalues of the operator related to the measured quantity 
with some calculable probability distribution. || 

Another important property of the de-Broglie-Bohm quantum theory is that using 
the Schrodinger equation and the Newton's law of motion, one observes that the phase of 
the wavefunction is proportional to the Hamilton-Jacobi function of the system. In fact 
if one set \& = ^fpexp[iS/h] then one arrives at: 



The first of these equations (the Hamilton-Jacobi equation) is identical to the Newton's 
1 It must be noted that the quantum potential for a many-body system is given by: 



dS_ \VS\ 
dt 2m 



+ V+ Q = 



(2) 




(3) 




where m, is the mass of ith particle and Vj represents differentiating with respect to the position of the 



ith particle, and N is the number of particles. 
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second law. It is in fact the energy condition: 

E=%L + V+Q (4) 

Remember that in the Hamilton-Jacobi theoryj7| —dS/dt = E and VS = p. The second 
equation is then the continuity equation of an hypothetical ensemble of the particle. 

The relativistic extension of the Bohmian quantum theory is straightforward^]. All 
we must to do is to generalize the relativistic energy equation: 

r]^P u = m 2 c 2 (5) 

to : 

Vfll/ P»P v = m 2 c 2 + Q = M 2 c 2 (6) 



where: 



a = v^i (7) 



or 



M 2 = m 2 ( 1 + a^P- | ; where a = r (8) 
\ |*| / m 2 c 2 

In fact one can derive this by setting * = ^fpe lS l n in the Klein-Gordon equation, and 
separating the real and imaginiary parts. The result is the relativistic Hamilton-Jacobi 
equation: 

7]^Sd v S = M 2 c 2 (9) 
which is identical to (0) (Note that P M = —d^S ) and the continuity equation 

d, (pd^S) = (10) 



An important problem about the relativistic de-Broglie-Bohm theory is that the mass 
square defined by equation (|J), is not positive-definite 0. Later, we shall show that this 
problem would be solved in our present theory. 

The generilization of (P) to an arbitrary curved space-time with metric is: 

g^P v = M 2 c 2 (11) 

The particle trajectory can be derived from the guidance relation: 

P» = M^- (12) 

GST 

or by differentiating (|TTD leading to the Newton's equation of motion: 

M ^TT + MT» K u v u K = (g^ - u^u v )V v M (13) 

The essential observation in references |], |2|, |3| is that equation (|ll]) can be transformed 
to the classical (i.e. non quantum) one: 

g^P»P v = m 2 c 2 (14) 

via a conformal transformation: 

9v» — > 9nu = \ —p J 9n» (15) 

In an equivalant manner, equation (O) reduces to the standard geodesic equation via the 
above conformal transformation. 

The physical conclusion from this observation is the following: Suppose in the metric 
g^y there is no quantal effect at all (i.e. the trajectory of the particle is a geodesic), the 
quantal effect can be brought in via a specific conformal transformation as above. 
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In ref.0 the authors as a first step towards the formulation of the above conclusion, 
introduced the quantum conformal degree of freedom via the method of lagrange multipli- 
ers. In this way they have a set of equations of motion describing the background metric, 
the conformal degree of freedom and the particle trajectory. As a brief introduction to 
their work we present here their action principle and equations of motion. The action 
isffl: 



(16) 



in which any overlined quantity is calculated in the background metric, A is the lagrange 
multiplier, and Q 2 is the conformal factor. The equations of motion are0: 

1. The equation of motion for Q: 



2k 



nn + 6an + — p n v„sv p s - 2m z n z + 2n\n = o 

m v ' 



(17) 



2. The continuity equation for particles: 



V„ (ptfV^S) = 



18) 



3. The equation of motion for particles: 



(V^SV^S - m 2 Q 2 ) Vl 2 ^ + 



2m 



□ 



.VP, 



□ 



VP 



(19) 



4. The modified Einstein equations for g : 



2 



jl v V 



n 2 - 6v M nv„n + 3^ v Q ftv a ft 



+—pQ 2 VuSV v S - —ptfg^VaSVS + Kmptfg L 
mm* h 



+ 



(^) 



^ - Y7 

2" 9fiv* a 



rn 



(20) 



5. The constraint equation: 



n 2 = i + 



(21) 



If one assumes that anything can be expanded in terms of powers of Planck's constant, 
one gets zero for A and the equations of motion arejlj: 



V M (pn 2 V"s) = 



(22) 



2r>2 



tl 2 



a 2 - 6V M ^v^ + 3^v«nv n 



+ — P n 2 \/^sv u s - - P n% u v a s\7 a s + Km P n%„ 

mm* * 



Q 2 = 1 + a- 



□ 



VP 



(23) 



(24) 
(25) 



In ref.[ffl] some features of the above formulation is presented. For example the solution 
for a Rabert son- Walker metric is derived, and the formulation is extended to contain 
the radiation quantum effects. Also nonlocal effects in the framework of such theory is 
investigated [§]. We shall come back to this point later. 
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As a next step, currently[0, [| it is shown that there is a close connection with scalar- 
tensor theories. In fact it is possible to set up a scalar-tensor theory in which there is no 
need to use the method of lagrange multipliers and in which the correct conformal degree 
of freedom, i.e. one given by quantum effects as in equation fll5[) , is derived using the 
equations of motion. The action functional for this theory is0: 



A = J d A x U>K - ^V M 0V M + 2A0 + £ m | 



(26) 



Cm = -V^VS -pm4- A(l + Qf (27) 
m 

in which A is the cosmological constant. The equations of motion are[§]: 

a. 

(j) = l + Q--aQ (28) 
WSV.S = m 2 - — (1 + Q)(Q - Q) + — (oQ - 2V,Q^^] (29) 

p p V VP J 

V(pV^5) = (30) 



1 1 r , CO , 1 CO 

2. 



gp, _ Ag ^ = __j»v _ _[ V m V . _ ^" D ]0 + —v^^v^ - - — (?^V Q 0V a (31) 



where 



a = a Y^Vl 02) 

P 

Both the above mentioned theories]!], have a problem. In these theories, it is 
assumed that one deals with an ensemble of similar particles with density p. In Bohm's 
theory, the quantum potential exists for a single particle as well as for an ensemble. In 
the case of a single particle, the interpretation of the quantum potential is in terms of an 
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hypothetical ensemble. Note that in the above theories, the ensemble is a real one, not 
an hypothetical one, because, the energy-momentum tensor of the ensemble is appeared 
and has physical effects. As we shall show later, in this paper we have solved this problem 
and the theory would work both for a single particle and for an ensemble. 

In addition to the above problem there is still another one. The theory considers only 
the quantal effects of matter, the pure quantum gravity effects are not included. 

In this paper we shall show that it is possible to make a pure tensor theory for quantum 
gravity. As a result we shall show that the correct quantum conformal degree of freedom 
would be achieved, and that the theory works for a particle as well as for a real ensemble of 
the particle under consideration and that it includes the pure quantum gravity effects. We 
shall do all of these by trying to write the quantum potential terms in term of geometrical 
parameters not in terms of ensemble properties. 

2 A TOY QUANTUM-GRAVITY THEORY 

In this section we first examine how we can translate the quantum potential in a complete 
geometrical manner, i.e. we write it in a form that there is no explicite reference to 
matter parameters. Only after using the field equations one deduce the original form 
of the quantum potential. This has the advantage that lets our theory work both for a 
single particle and an ensemble. Next we write a special field equation as a toy theory 
and extract some of its consequences. 



ff 



2.1 Geometry of the Quantum Conformal Factor 

In order to construct a purely metric theory for quantum gravity, let us first examine the 
geometrical properties of the conformal factor given by: 



4A 4A M 2 D y/p 

= e 77^; e = — - = 1 + a — f=- (33) 

m 2 Jp 



where r]^ u is the flat space-time metric, D n is the dalambertian operator evaluated using 
the rj^u metric. 

If one evaluates the Einstein's tensor for the above metric, one gets: 

£V = 4^e A D ?? e- A + 2e~ 2 %d u e 2A (34) 

Now replacing |T| for p in equation ( |3"3| ) (as it is true for a dust)Q 

A ^ D \fW\ -4(VA) 2 

- = e- 4A V ' ' V (35) 

a \\T\ 



and expanding anything up to first order in a one gets: 



A = a j= (36) 



\T\ 

As an ansatz, we suppose that in the presense of gravitational effects, the field equations 
are: 

- ^Jlg^ = k% v + 4^e A De- A + 2e- 2A V / ,V,e 2A (37) 

This equation is written in such a way that in the limit T^ v — > the solution ([33|) achieved. 
2 The absolute value sign is introduced to make the square root always meaningful. 
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Making the trace of the above equation one gets: 



11= kT - 12DA + 24(VA) 5 



(3? 



which has the iterative solution: 



K 



(39) 



leading to: 



uj\t\ uj\n\ 

A = a — ~ a- 



(40) 



2.2 Field Equations of a Toy Quantum Gravity 

In the previous subsection we have learned that T can be replaced with TZ in the ex- 
pression for the quantum potential or for the conformal factor of the space-time metric. 
This replacement is in fact an important improvement, because the explicit reference to 
ensemble density is removed. This lets the theory to work for both a single particle and 
an ensemble. 



So with a glance at equation (|3"T ) for our toy quantum-gravity theory, we assume the 
following field equations: 



Q iiv k>T^ u Z^ ya p exp 



a 



V Q exp 



a 



$ 







(41) 



where 



(42) 
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Note that the number 2 and the minus sign of the second term of the last equation are 
chosen so that the energy equation derived later be correct. It would be very useful to 
take the trace of equation (f4~T|): 

ft + «T + 6exp[a$/2]Dexp[-a$/2] =0 (44) 

In fact this equation represents the connection of Ricci scalar curvature of the space-time 
and the trace of matter energy-momentum tensor. This is the analogeous of the Einstein's 
relation 1Z = —kT. In the cases when a pertuerbative solution is admitted, i.e. when we 
can expand anything in terms of powers of a, one can find the relation between TZ and T 
perturbatively. In the zeroth approaximation one has the classical relation: 

= -kT (45) 

As a better approaximation up to first order in a, one gets: 

= -KT-6exp[a$ (0) /2]nexp[-a$ (0) /2] (46) 

where: 



□a/ T 

$ (o) = ( 47 ) 



1 7] 

A more better result can be obtained in the second order as: 

n {2) = -/tT-6exp[a$ {0) /2]nexp[-a$ (0) /2] - 6 exp[«$ (1) /2]n exp[-a$ (1) /2] (48) 
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with: 



(])( , , _ Oy| - kT - 6exp[a$(°)/2]Dexp[-a$(°)/2]| 
- kT exp[a$(°)/2]Dexp[-a$(°)/2]| 



The energy relation can be obtained via taking the four divergance of the field equa- 
tions. Using the fact that the divergance of the Einstein's tensor is zero, one gets: 

2 2 

kV"V = uKrV* - ^V,(V$) 2 + y V M $ □$ (50) 

For a dust with: 

^ = pu^Uy (51) 
and assuming the conservation law for mass: 



V u (pMu u ) = (52) 



up to first order in a one arrives at: 



or: 

.M 2 = m 2 exp(-a<3>) (54) 

where m is some integration constant. Note that the first two terms of the above equation 
is in accordance with the relation (H). Higher order terms which are smaller than the first 
two terms, are intereseting, because given by ([54]) is positive-definite, while M 2 
given by (§) is not. So in this way an important problem of the de-Broglie-Bohm theory 
is solved. 
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3 SOME GENERAL SOLUTIONS 

In this section we shall study some general solutions of the field equation (f£T|). 
3.1 Conformally Flat Solution 

Suppose we search for a solution which is conformally flat, and that the conformal factor 
is near unity. Such a solution is of the form: 

9^u = e 2A ^; A < 1 (55) 

As a result one can derive the following relations: 

g = -e 8A = -1 - 8A (56) 

n„ v = rj^nA + 2d )l d n uA (57) 

K = 6DA (58) 

g„ v = - 2 Vflu DA (59) 

In order to solve for A one can use the relation ([0|), and solve it iteratively as it is 
disscused in the previous section. The result is: 

= —kT = 6DA<°> =^ A<°> = (60) 



nJ\T\ 

U {1) = -kT + 3aD V ^ = 6DA {1) 

T\ 



A (i) = _^ n -i T +-^S (61) 
6 2 Jyf\ 
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and so on. Thus: 



— i — X/— 



A = □ T H 7 +higher terms including gravity — quantum interactions. 

6 2 /17-1 



pure gravity s v ^ 

pure quantum 

(62) 

where D _1 represents the inverse of the dalambertian operator. Note that the solution is 
in complete agreement with de-Broglie-Bohm theory. 

3.2 Conformally Quantic Solution 

As a generalization of the solution found in the previous subsection, suppose we set: 

^ = e 27 V = (l + 2A)^,; A«l (63) 
One can evaluates the following relations: 

n vp = K vp + □ A + 2 (V„ V p A + g up V a AV a A - V,AV p A) (64) 
n = e - 2A (k + 6 □ A + 6 V Q A V°a) (65) 
Gu P = Vu P - 2§ up □ A + 2V V V P A (66) 

On using these relations in the field equations one gets the following solution: 

ex 

Gpu = kT^; A = - <D (67) 

provided the energy-momentum tensor be conformally invariant. So under this condition 
we have: 

^quantum+gravity = ^ + ^^gravity (68) 
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3.3 Conformally Highly Quantic Solution 

Now we can generalize the result of the previous subsection. Suppose in the overlined 
metric there is no quantum effect, so that: 

Qfiu = kT^ v (69) 

and assuming that the quantum effects could bring in via a conformal transformation like: 

= e 2A v (70) 

Using the field equations fl¥ip and the transformation properties of the Einstein's equation 
one gets: 

2 

2 □ A + 2V Q AV"A = a □ $ + 2aV Q $V a A - y V a $V Q $ (71) 
which has the solution: 

A = |$ (72) 

In the above solution it is assumed that the energy-momentum tensor is either zero or 
conformally invariant. So, under this condition, no matter how large is the quantum 
effects, the general solution is: 



quantum+gravity a<E> gravity {71} 

y^v — e Ujui \'°) 
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4 QUANTUM EFFECTS NEAR THAT REGIONS 
OF THE SPACE-TIME WHERE GRAVITY IS 
LARGE 

In the previous section we have derived the exact solution of our toy field equations in 
terms of the classical solution, i.e. the solution of Einstein's equation. Now, in this 
section we shall use that solution to examine the quantum effects near that regions of the 
space-time where the gravitational effects of matter are large. Black holes and the initial 
singularity are two examples we consider. 

4.1 Quantum Black Hole 



For a spherically symmetric black hole we have 

/ 

1 - r s /r 




gravity 



l—r s /r 
























r 2 sin 2 9 



(74) 



Using the fact that the Ricci scalar is zero for the above metric and the transformation 



properties of the Ricci scalar under conformal transformations we have: 

$ = 



1Z = 3ae 



_Q-<J> 



□ $ + -V„$V M $ 

2 » 



(75) 
(76) 
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conformal factor 




radial distance from the black hole 



Figure 1: Conformal factor for a black hole 



The above equations are in fact a differential equation for the conformal factor and can 
be solved for different regimes, giving the following solution: 



quantum+gravity gravity 

iJ^iv — 'duv x 



exp(— ar s /r 3 ) r 
Constant r 



(77) 



exp(r 2 /3a) 



r — > oo 



The conformal factor is plotted in figure ([!]). It can be seen that the above conformal 
factor does not remove the metric singularity at r = 0. 
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4.2 Initial Singularity 

For an isotropic and homogeneous universe we have 

/ 



gravity 



1 








l—kr 2 










—a 2 r 2 









V 



(78) 



-a 2 r 2 sin 2 

As in the previous subsection the equations governing the conformal factor are: 



□ a/172. 



K = e 



— a<3> 



K-\ 3n ( □ $ + |v M $V"$ 



As t — > one can solve the above equations approaximately: 



(79) 
(80) 



^quantum+gravity = ^gravity exp ( a / 2 i 2 



so the universe scale is given by: 



a(t) = a classic (t)exp(a/4t 2 ) = v / texp(a/4t 2 ) 



(82) 



As it can be seen easily, the curvature singularity at t = is removed because as time 
goes to zero, the universe scale goes to infinity The behaviour of the universe scale is 



ploted in figure 
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universe scale 




time 



Figure 2: The universe scale v.s. time 
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5 CONCLUDING REMARKS 

Bohmian quantum theory is a theory based on the idea of bringing back the ideas of 
causality and the dogma of formulation of physics in terms of motion of particles, to 
quantum theory. It is a satisfactory and successful theory. It is not only a causal the- 
ory in terms of particles trajectories, but also presents a beautiful explanation of how 
wavefunction collapse happens and what is the meaning of the uncertainty relations. The 
key stone of Bohm's theory is the quantum potential. Any particle is acted upon by a 
quantum force derived from the quantum potential. Quantum potential is itself resulted 
from some self-field of the particle, the wavefunction. Since quantum potential is related 
only to the norm of the wavefunction and because of the Born's postulate asserting that 
the ensemble density of the particle under consideration is given by the square of the 
norm of the wavefunction, quantum potential is resulted from the ensemble density. The 
nonunderstandable point of Bohm's theory is just this. How a particle knows about its 
hypothetical ensemble? When the hypothetical ensemble is a real one, i.e. when there 
are a large number of similar particles just like the particle under consideration, quantum 
potential can be understood. It is a kind of interaction between the particles in the real 
ensemble. But when one deals with only one particle the quantum potential is interaction 
with other hypothetical particles!!! 

On the other hand, quantum potential is highly related to the conformal degree of 
freedom of the space-time metric. In fact, the presence of the quantum force is just 
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like to have a curved space-time which is conformally flat and the conformal factor is 
expressed in terms of the quantum potential. In this way one sees that quantum effects 
are in fact geometric effects. Geometrization of quantum theory can be done successfully. 
But still there is the problem of ensemble noted above. 

In this paper we have shown that if one tries to geometrize the quantum effects in a 
purely metric way the ensemble problem would be overcommed. In addition it provides 
the framework for bringing in the purely quantum gravity effects. 

We presented a toy model, and investigate its solutions. It is shown that the initial 
singularity is removed by quantum effects. 
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